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Abstract

When do text embeddings work as inputs to empirical analysis? Their use rests
on an assumption: that we can trade text for its low-dimensional embedding,
and lose little in doing so. I make that assumption precise under a generative
model in which documents are mixtures of latent topics. I study two uses—
clustering units in embedding space and controlling for high-dimensional text.
A cluster of embeddings is a set of documents with similar topic mixtures;
controlling for the embedding is equivalent to controlling for the topic mixture,
so validity reduces to whether that mixture captures the confounding. In an
application to 363 U.S. metropolitan areas, embedding-based clusters of LLM-
generated economic descriptions recover interpretable economic archetypes and
separate local employment dynamics more sharply than clustering on model
residuals, or on a curated set of industry and demographic covariates.
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1 Introduction

Text embeddings are now a standard tool in empirical economics. Researchers turn
product descriptions (Bajari et al., 2025; Bach et al., [2025), central bank communi-
cation (Casella et al. (2026)), labor-market histories (Vafa et al., 2022, 2025), and
word meanings (Kozlowski et al. 2019) into vectors (embeddings) and use those in
subsequent analysis. The appeal is dimension: While text itself is extremely high-
dimensional, its embedding is (relatively) low-dimensional. The justification, either
explicitly or implicitly, is that little should be lost by working in embedding space if
the information contained in a text can be represented in a low-dimensional spaceE]
I make this argument precise and study when text embeddings work as inputs to
empirical analysis.

Any reduction of text to a vector may discard something the analysis needed.
Existing theoretical work rules this out via a high level sufficiency assumption: that
a low-dimensional attribute vector exists and the embedding proxies it (Christensen
and Compiani, 2026|), or that whatever the representation discards induces a bias
vanishing faster than n='/2 (Vafa et al., 2025). But how plausible is such an assump-
tion? In order to answer this, my starting point is a simple generative model of text,
which allows me to derive exactly what embeddings preserve.

I first show that, under a standard model in which documents are mixtures of
K latent topics (Blei et al., 2003; Hofmann| {1999), the corpus’s matrix of word
co-occurrence ratios, centered at independence, is positive semi-definite of rank ex-
actly K — 1 (Proposition . Any embedding that matches this matrix inherits
the topic-loading geometry — plainly speaking: words with similar loadings receive
similar embeddings (Theorem . Standard embedding methods do not target this
matrix directly, and instead factorize a logarithmic transform of the co-occurrence
ratios (Table , which is generically full rank. Focusing on one leading embed-
ding — Word2Vec (Mikolov et al.; 2013alb), in its skip-gram-with-negative-sampling
(SGNS) form — I then prove that it recovers the same geometry up to a distortion
(Proposition [2)).

At the document level, averaging word embeddings yields an invertible linear
image of the topic mixture (Proposition . I then consider two concrete use cases.
The first groups units by latent type: clustering in embedding space discretizes
unobserved heterogeneity into peer groups. Because distinct topic mixtures cannot
share an embedding, a cluster is a set of documents with similar mixtures, and its

!For example, Bajari et al|(2025) states that the success of their approach “depends on the ex-
istence of parsimonious structures behind images and text” and that they “believe that information
in images and sentences can be effectively represented in a much lower-dimensional space”.



centroid corresponds to a well-defined mixture (Corollary . Recovering the latent
partition exactly is a stronger claim: when documents concentrate tightly enough
around a small number of common mixture-types, that partition is a fixed point of k-
means (Proposition , but separation alone does not make it the unique optimum.
The second conditions on textual embeddings: the embedding enters a regression
as a control. Adjusting for the embedding is equivalent to adjusting for the topic
mixture, so the high-level assumption that “the embedding is a sufficient control”
reduces to a transparent condition that the topic mixture captures the confounding.
(Corollary [2).

To make the grouping use concrete, consider a researcher who wants to model
local employment dynamics. A natural starting point is an autoregressive model for
log employment in location i, e.g.:

Yit = Q; + piyi,t—l + p;;yi,t—p + €it, (1)

where y;; is log employment in year ¢ for a given Core-Based Statistical Area (CBSA)
1. Pooling across all locations imposes implausible homogeneity, while estimating
each city separately throws away cross-sectional information and can result in very
noisy estimates. I propose the following compromise: cluster units by their textual
description. Concretely, for each unit CBSA (i) generate a 500-word economic nar-
rative using a large language model, (ii) embed the narrative in R", and (iii) apply
k-means in embedding space. Our theoretical results from Section [2| provide a lens
into this algorithm: If the corpus can be reasonably approximated by a topic model,
k-means clustering recovers peer groups with similar topic mixtures. I find that the
peer groups that emerge indeed encode similarity (e.g., “deindustrialized Eds-and-
Meds”, “Sunbelt growth”, “energy and resource extraction”), and that the resulting
clusters capture meaningful heterogeneity in employment dynamics which clustering
on outcome residuals, or on observed covariates, misses.

Related Literature. This paper connects several literatures. The generative
model builds on the topic model literature, including probabilistic latent semantic
indexing (Hofmann| [1999) and Latent Dirichlet Allocation (Blei et al., 2003). Our
use of a topic model as the data-generating process is not only analytical convenience:
a recent literature argues that large language models themselves behave as implicit
latent-variable models, inferring a latent concept from context and generating text
conditional on it (Xie et al., 2022} Wang et al., 2023)).

On the embedding side, the Word2Vec model was introduced by Mikolov et al.
(2013alb), and [Levy and Goldberg| (2014)) established that skip-gram with negative
sampling implicitly factorizes a shifted pointwise mutual information matrix when
the embedding dimension is unrestricted. Arora et al. (2016) model the writing of a
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document as a random walk over a latent topic vector in a way that justifies what
Word2Vec and GloVe (Pennington et al., 2014 estimate. I instead take the topic
model as the data-generating process—a model that is easy to interpret and that
economists already use to summarize text—and ask what it implies for embeddings.
Dieng et al.| (2020) put words and topics in the same embedding space by assump-
tion, giving each topic its own vector. I derive what they assume: under our model
each topic has a centroid in embedding space, and document embeddings lie in the
simplex those centroids span (Proposition —for an embedding estimated without
any knowledge of the topics. Finally, |Li et al. (2023 show that the attention layers
of a transformer can also recover topic information, but under the restrictive assump-
tion that each word belongs to a single topic, so that topics have no vocabulary in
common.

Veitch et al.| (2020)) use text embeddings as a control for confounding. They
construct an embedding that captures the confounding by explicitly supervising it on
both treatment and outcome, while I consider “standard” unsupervised embeddings
in this paper. Other papers studying causal inference with text include Roberts et al.
(2020) and |[Egami et al. (2022). Finally, Battaglia et al.| (2024)), Vafa et al.| (2025])
and |Christensen and Compiani (2026)) study the gap between the representation a
researcher has and the object the model requires, and each closes it downstream:
a bias correction for a noisy estimate of the right target, a characterization of the
omitted-variable bias induced by coarsening, and a correction for an imperfect proxy,
respectively. Our paper is complementary to this literature: there, the object the
representation recovers is taken as given; here, I ask what an unsupervised embedding
recovers in the first place.

2 Theoretical Results

2.1 Generative Model

Suppose we generate a corpus of text, meaning a collection of D documents from
a vocabulary of size V. Each document d consists of Ny terms: {wq1,...,wqn,}-
Within document d, each term is drawn i.i.d. according to the column-stochastic
distribution Il44, where II is a column-stochastic V' x D matrix; that is, II,4 denotes
the probability that a randomly drawn term in document d equals word v. Through-
out, I use P(-) exclusively as the probability operator and reserve II for the matrix
of word-document probabilities. For a matrix A, omax(A) and omin(A) denote its
largest and smallest singular values.

I further assume that IT = BO, where B is V' x K (word-topic matrix) and ©



is K x D (topic-document matrix); I take K > 2 throughout to avoid degeneracy.
Both B and © have non-negative entries, and each column of Il and B sums to 1.
The probability for a given term v is thus given by P(w = v|d) = (BOsq),. and does
not depend on the position in the document.

Following Hofmann| (1999), I assume that for each document d

N.d’(B, @) ~ Multinomial (Nd, B@.d) y (2)

where Nog = (Nig, ..., Nyg4)' is the vector of word counts in document d, and the
vectors of counts N,.q are independent across documents, conditional on (B, ©).

Once we add a Dirichlet prior on the per-document topic distribution we obtain
a proper generative model for new documents in the form of standard LDA (Blei
et al., 2003). On the other hand, treating the topic mixture 6, as a fixed (unknown)
parameter rather than a random variable, this has been studied in the Non-negative
Matrix Factorization (NMF) literature (Lee and Seung, (1999; |Donoho and Stodden,
2003; |Arora et al. 2013).

Notation. Consider two words v and u appearing in the same document d. Un-
der the i.i.d.-given-document model, conditional on d a target word and a separately
drawn context word are independent, so:

P(w =v,C= u|d) = Hvd . Hud = (B@.d)v(BG.d)u. (3)

Define the word co-occurrence matriz M € RV*V by aggregating over documents:

M,, = P(w=v,c=u) = Zpd(B@.d)v(B@.d)u, (4)

d=1

where pg = Ny/ >, No weights documents by length and ), ps = 1. Equivalently,
with p = [p1,...,pp|" and G := >, piOesOJ; = O diag(p) ©" € RF*K denoting the
corpus second-moment matrix of topic mixtures,

M = BGB". (5)

Let 6 := Y 4 DdOeq denote the corpus-mean topic mixture, let ¢ := B0 collect the
marginal word probabilities, ¢, = P(w=v) = P(c=v), and let D, := diag(q) denote
the corresponding diagonal matrix. Define the probability-ratio matrix

Plw=wv, c=u)
P(w=v)Plc=u)

R := D'MD;" € Ry, R, = (6)



Finally, define the marginal-normalized loading matriz B := D;lB € RV*K and
the topic-mizture covariance

D
So = Y pa(Ou—0)(0u—0)" =G—-00" € R (7)
d=1

2.2 Word Embeddings

This section derives our theoretical results on word embeddings. I first introduce a
matrix I call the centered probability ratio and show that it is positive semi-definite
(PSD) of rank K — 1 (Proposition [I]). I then construct an explicit embedding /3
whose entries are written directly in the topic-model primitives B and © (Lemma
that factorize the centered probability ratio. Our main word-embedding result (The-
orem (1)) then shows that any embedding B matching this factorization inherits the
marginal-normalized topic-loading geometry. Simply stated: words with similar topic
loadings receive similar embeddings.
I maintain the following regularity conditions.

Assumption 1 (Topic regularity). I maintain the following regularity conditions on
the topic model throughout:

(a) rank B = K;;
(b) rank g = K — 1;
(¢) g, >0 for all v € [V].

The full column rank of B rules out redundant topics. Because the columns of ©
lie on the simplex AK~1 $g 1) =0, so rank ¥g < K — 1. Assumption [[[[b)]is thus
a maximal rank condition that is implied by the existence of K documents whose
topic mixtures are affinely independent in AX~!. The marginal-positivity condition
simply rules out terms with zero marginal probability and is used to invert Dqﬂ

Proposition 1 (Exact rank-(K — 1) factorization). Under Assumption [l the cen-
tered probability ratio (R — 1y 1y,) is PSD of rank K — 1, such that the top-(K — 1)
eigendecomposition R—1y 1], = ®APT yields a factor fsvp = ®AV2 € RV*E-D,
with
Bsvp Bdyp = R—1y1y.
2Note that, if there exists a term v with ¢, = 0, this term is not used in any document. Removing

any unused terms from the dictionary and using the smaller vocabulary V/ immediately implies that
gy > 0 for all v € [V'].




Proof. By , M = BGBT, hence
-1 NP1 _ popT
R=D, (BGB )D,” = BGB . (8)
Substituting G = Yg + 00" and using B = Dq_lq =1y,
R—1y1] = BXeB'. (9)

Since Yg is a covariance matrix it is PSD, hence BYeB" is PSD. By Assump-
tions EI@' and , B has full column rank K.It follows that

rank(R — 1y1{,) = rank(Xeg) = K —1
by Assumption [I[(b)l The factorization follows. O

Proposition (1| delivers an embedding [Ssyp from the centered probability ratio
R — 1y 1], alone, with no reference to the topic-model primitives. The next result
gives a second, equivalent representative whose entries are written directly in those
primitives (B, O).

Lemma 1 (Topic-primitive representation). Under Assumption take the compact
eigendecomposition of the topic-mixture covariance defined in :

Yo = B Ao Dgf
For each v € [V], define

AY? @] B,
By, = —2—2— ¢ R (10)
Qv

Then, the matriz 3 € RV*E=1D with rows 8] satisfies
R-1yvl} = 357, (11)

and 1s related to Bsyp from Proposition |1 by an orthogonal transformation: there

exists an orthogonal Q (QTQ = Ix_,) with 8 = Bsyp Q.

3Formally, ®g € RE*(K=1) holds orthonormal eigenvectors of the nonzero eigenvalues (@gq)@ =
Ix_1) and Ag € RUE-DX(K=1) is the diagonal matrix of corresponding (positive) eigenvalues.




Proof. For any v,u € [V],

Bye PoAo®{ B/, Bye Yo B/, . .
qu—ﬂu = 07076 Tue _ O Tue (B Yo BT)W = (R - 1Vl\T/)vU>
Qv u QvQu
where the last step follows from @ Both 8 and fsyp are full-column-rank V' x (K —1)
factors of the same rank-(K — 1) PSD matrix, so they coincide up to an orthogonal
transformation. ]

The inner product 3, 8, = % — 1 can be interpreted as the lift of the
joint above independence: zero if w and ¢ are independent, positive if they co-occur
more than under independence, and negative if less. I next show that any (K — 1)-
dimensional embedding matching this factorization inherits the marginal-normalized

topic-loading geometry.

Theorem 1 (Topig—loading geometry). Suppose Assumption holds and let B €
RV*(E=1) satisfy T = R — 1y1{.. Then, for all v,u € [V],

||Bv - Bqu = (Bvo - Buo)TEG (Bvo - Bu.) (12)

In particular, By,e = ABye for some XA > 0 implies By = Bu: words with proportional
topic loadings receive identical embeddings.

Proof. By Lemma , the topic-primitive representative /3 satisfies 58" = R—1y 1|, =
BB, so both are full-column-rank V x (K — 1) factors of the same rank-(K —1) PSD
matrix and coincide up to an orthogonal transformation: B = BQ withQTQ = Ix_.
From the closed form, g8, — 3, = Aé)/QCI)g(Bv. — Bu,), s0

”ﬁv - 5uH2 = (Bm - Bu0>Tq)®A®q)g<Bvo - Bm) = (Bm - BUO>T2® (Bvo - Bm)a
using S = PeAe®. Finally, |3, —Bull = [8.Q— BuQll = |(Bo—8.)Q = || 5o —Bull

since orthogonality of () preserves the Euclidean norm. This completes the proof of
(112). :The proportional case follows from B,, = ABue = Bye = Bue = [y = [, =

ﬁv = 5u O]

I call the metric on the right of — the Yg-weighted distance between
marginal-normalized topic loadings — the topic-loading geometry. Theorem [1| pro-
vides an algorithm-agnostic reading: any procedure that matches the centered prob-
ability ratio R — 1y1{, in dimension K — 1 recovers the topic-loading geometry,
regardless of the construction. The direct example is the rank-(K — 1) singular
value decomposition of R — 1y1{, (Proposition . I next analyze some of the word
embeddings commonly used in the literature.

7



Remark 1 (Dimensions above K —1). Theorem(l]is stated at r = K —1, but nothing
in it requires equality. Let § € RV*" with r > K — 1 satisfy 337 = R — 1y1].. The
right-hand side has rank K — 1 by Proposition , so 3 = BQ for some Q € RE-Dxr
with orthonormal rows, QQ" = Ix_;, and

||Bv - Bu”2 = (51} - ﬁu)TQQT(ﬁv - 5u) = ||6v - ﬁu”27

SO holds unchanged. The proof above is the special case r = K — 1, where @ is
square and orthogonal. The extra r — (K — 1) coordinates are identically zero and
drop out of every distance.

Thus, any » > K — 1 delivers the same geometry. This matters because K is
rarely known in practice. Section [4] sets r = 50 on this basis.

Remark 2 (Identification-invariance). The factorization II = B© is not unique
absent further structure: for any invertible KX x K matrix A (that preserves the
column-stochasticity of both factors), the reparameterization B’ = BA, ©' = A~1©
generates the same observable joint distribution (see, e.g., [Donoho and Stodden
(2003), Fu et al.| (2019)). However, under any such reparameterization the quadratic
form in Theorem [I] transforms as

(B;o - B;.)TE/@ (B’:}O - B/uo) = (B”UO - B’LLO)TA (A_IE@A_T) AT(BDO - Buo)
= (Bv. - Buo)TE@ (BU. - Buo);

so it is invariant. Theorem [1| therefore holds for any valid factorization, and the
geometry it characterizes is identification-free.

2.3 Relationship to Standard Algorithms

Word2Vec (Mikolov et al., 2013ajb) and GloVe (Pennington et al., 2014)) are some of
the most widely used word embeddings in practice, and this section asks what they
recover under our model. I treat three objectives: skip-gram with a full softmax (the
idealized version that is costly to estimate), its negative-sampling approximation
SGNS (Levy and Goldberg, 2014) (which is what practitioners usually run), and
GloVell

None of these fit R — 1y,1{,. Each scores a word—context pair (v,u) by an inner
product X, = wvT w, between a target vector w, and a context vector w,, the rows of
W, W € RV*", and fits that score to the corpus. They differ in only three ingredients:

4Word2Vec’s other architecture, CBOW, generally admits no closed-form target, and I return
to it at the end of the section.



Response t,,, Generator ¢ Weight w., Target ¢’ (tpw) Free offsets

Bsvp Ry, —1 squared 1 R— lvl‘T, —

Full softmax P(w=v | c=u) entropy Gu log R +logq1], 1yg’
SGNS Ryu/(Ryy + 1) binary entropy ququ(Ryw +v) log R —logv1y1y, —

GloVe log M., squared f(Myy) log R b1 +1yb"

Table 1: The four objectives as weighted low-rank fits. The response t,,, and the generator
¢ determine the target ¢'(t,y,); the weights w,,, do not. The generators squared, entropy and
binary entropy give squared-error, Kullback—Leibler and Bernoulli losses. “Free offsets”
are the row- or column-constant terms the objective leaves undetermined: the softmax
column gauge g and GloVe’s per-word biases b,b. v > 1 is the negative-sampling rate
and f is GloVe’s weighting function. Row one attains its target exactly at rank K — 1
(Proposition ; the other three attain theirs only where the rank constraint does not bind.
For more detail, see Appendix @

a response t,, read off the corpus, a strictly convex generator ¢ that fixes the loss, and
weights w,, on pairs. Where the rank constraint of the inner product does not bind,
the fitted scores are ¢'(t,,) entrywise. I therefore call that matrix the algorithm’s
target. Table[I]lists the three ingredients and the target for each algorithm, alongside
Bsvp from the previous section. I derive its entries in Appendix [A]

Since none of these targets is R — 1y1{,, Theorem (1| does not apply to the em-
beddings that fit them. However, I still obtain the following result on how word
embeddings vary with the loadings, analogous to Theorem [I| for the SGNS target.

Assumption 2 (Word co-occurrence). R,, > 0 for all v,u € [V].

Assumption [2| requires every pair of words to co-occur and guarantees that every
entry of log R is finite. Write Ry, := min,, Ryy, Rmax = max,, Ry, and kg =
Ruinax/ Ruin, so that log kg is the range of entries in log R.

Proposition 2 (Recovery from the SGNS target). Let Assumptions |1 and @ hold.

Suppose WWT = log R — log v 1y1{,, the SGNS target of Table with W e RV*"
of full column rank. Then, for all v,v" € [V],

Omin (0 R ~
wnl®) 2 gl < b — ol <

Rmax Omax min Omin

_ o) s gl (13)

where ||By — By |> = (Bye — Bue) S0 (Bye — Bya) is the topic-loading distance of
Theorem [1l
In particular, Bye = ABye for some A > 0 implies W, = W, .



Proof. Since the shift log v 1y,17, is constant and cancels in row differences, (log R),e—

(log R)ye = (W, —wv,)W? All entries of R lie in [Ryin, Rmax|, S0 the mean value the-
orem applied to log gives | Ry, — Ry |/ Rmax < |log Ry, —log Ryy| < |Ryuw— Ryru|/ Rinin
for each u. Thus, for the entire vector:

1Roe = Ruall < (0 — @)W <

Rvo - Rv’o .
Rmax Rmin H H

By Lemma , BBT = R — 1y1].. All rows of 1y/1{, are equal, so they cancel in
the row difference: Ry,e — Rye = (8, — B) BT Since B has full column rank K — 1
(Proposition [1]), omin(8) > 0 and

Umin(ﬁ) Hﬂv - Bv’” S ||Rvo - Rv’o” S Umax(ﬁ) Hﬁv - Bv’”-
Combining with the display above gives

7o) 15, — | < oo — )W < 220y .

Finally, full column rank of W gives opin(W)||2]| < [|2W || < Gumax(W)| 2| for every
x. Substituting into the display above gives .

The proportional case follows from Bye = ABye = Bye = Bye = (8, = By, which
makes the right-hand side of ZEro. ]

Proposition [2| is the analogue of Theorem [1| for the SGNS target: any W, W
that attain that target induce a metric equivalent to the one 5 induces, reproducing

the topic-loading geometry up to a distortion of at most sy cond(8)cond(W). In
particular, words with proportional topic loadings receive identical embeddings under
any such factorization, exactly as in Theorem [I}

Remark 3 (Target versus embedding). Proposition [2]is a statement about the SGNS
target, not about the trained embedding. Since generically the SGNS target is full
rank, the trained embedding can only approximate the target, and is instead the
weighted low-rank fit of Table [T, with the weights determining which approximation
(Levy and Goldberg, 2014)). The proposition’s practical content therefore depends
on the quality of this approximation, and hence on the spectrum of the target.ﬂ

5To bound the spectrum theoretically requires strong assumptions I deem unlikely to hold in
practice. Two examples: i) Call v an anchor word for topic k if B,r > 0 and B, = 0 for all
k" # k (Donoho and Stodden, 2003} |Arora et al. [2013)). If every word is an anchor, then log R,
and hence the target, has at most rank K; this is the population analogue of the block structure
Li et al.| (2023) obtain for transformers under disjoint topics. ii) Write g := ||R — 1y 1] || for the
maximum distance from independence. Then, ¢ < 1 gives log R = 38" + O(0?) entrywise, so the
target is of rank at most K up to an O(V g?) perturbation.
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I explore this further in Section [3] where I compute the spectrum exactly under
our simulation designs and find the target approximately low rank. In our application
in Section [4] I simply set r = 50 to ensure r > K and that the rank constraint is not
too binding.

Remark 4 (The other log targets). Proposition [2| uses only that the SGNS target is
log R up to a constant, so it covers any target that is log R up to an offset constant
down each column. However, both full-softmax skip-gram and GloVe carry an offset
constant along each row, which does not cancel in a row difference. For example, for
full softmax that offset is log g 1], 50 Rye = Ry gives

~

(10y — W)W = (logq, —logqy) 1y,

and the two embeddings coincide if and only if ¢, = ¢,: same-loading words agree
up to a single marginal direction. Lemma gives the general statement: for any
entrywise transform of R and any offsets constant along a row or a column, words
with proportional loadings have target rows differing by the row-offset difference
alone.

CBOW (Mikolov et al., 2013a) predicts the target word from the average of its
context embeddings. With a one-word context the average is trivial: under negative
sampling its target is again log R — logv 1y1],, so Proposition [2| applies verbatim.
The averaging is what removes the theory: with more than one context word the
score depends on the context only through the averaged embedding, so no closed-
form V x V target exists. Given its prevalence in the literature, I nevertheless treat

CBOW empirically in Sections [3}4}

2.4 Document Embeddings

Word embeddings can be aggregated to create document representations. A natural
approach is to represent each document by the average of its word embeddings:

hy = — %h (14)
d — Nd p= W

where h,, is the embedding assigned to word w—for instance, the Bw € RE-L of
Theorem (1} with explicit representative 3, given by Lemma and wg; is the j-th
word in document d.

First, note that averaging is the natural aggregator under the model of Section [2.1
since the tokens wgq 1, . .., wq N, are i.i.d. draws from the document’s word distribution
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IT,q. Averaging is also the operation behind a broad class of document- and sentence-
embedding methods that are used in practice. Unweighted averages of static word
vectors are a widely used baseline (Wieting et al., |2016; lyyer et al., [2015); |Arora
et al.| (2017) reweight the average by smooth inverse frequency (down-weighting fre-
quent words), and Joulin et al.| (2017) average word- and n-gram vectors for text
classification. The same pooling extends to contextual models, where transformer
sentence encoders mean-pool token embeddings into a fixed-length vector (Reimers
and Gurevych, 2019).@

Intuitively, under our topic model, documents with similar topic mixture 6,
should have similar document embeddings, since they draw words from similar dis-
tributions over the vocabulary. I now formalize this intuition. Define the expected
document embedding for a document with topic mixture 6, as:

1% 1%
pa = E[hglfa) = Y P(w = v|d)h, =Y (BOu)yho. (15)

v=1 v=1
Further, because the words within document d, wg 1, ..., wq N, are i.i.d. conditional

on 6y, clearly hy = Nid Zj Py, 2 ftg as Ny — oo by the law of large numbers.
Finally, define the topic centroid embeddings

v
¢k =Y Byhy, k=1..K, (16)

v=1
and let C' = [¢; -+ ck| denote the matrix with the centroids as columns. I obtain

the following result.

Proposition 3 (Linearity in the topic mixture). Suppose II = BO and the topic
model is identified[]| Then, for every document d:

(1) the expected document embedding is a linear function of the topic mizture,

Ha = C®od; (17)

5The main alternative learns document vectors directly rather than by averaging (Paragraph
Vector, or doc2vec; |Le and Mikolov, [2014)), which I do not treat here.

"The anchor-word condition — every topic has at least one word exclusive to it — is one sufficient
condition for identification (Donoho and Stodden| (2003)); |Arora et al.| (2013)); [Fu et al.| (2019))), also
see the discussion in [Freyaldenhoven et al.| (2025)). However, it is not necessary; see the recent work
of |Chen et al.| (2022)) that uses the sufficiently-scattered condition in Huang et al. (2013) and [Huang
et al.| (2016).
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(11) g lies in the centroid simplex, puq € conv{cy,...,cx}.

Proof. For (i), simply expanding the definition of p4 in and rearranging the
sums yields

1% vV K
Hd = Z(B@od)v hv - Z Z ka Hdk: hv
vzl y v=1 k;l
= Zedk By hy = Zedk cr = C Oqq.
k=1 v=1 k=1

For (ii), the topic mixture satisfies 04 > 0 and ), Og = 1, which immediately
implies uq € conv{cy,...,cx}. O

Note that, beyond the topic-model decomposition II = BO, Proposition |3| im-
poses no further conditions on the word embeddings h,: the linear decomposition
tg = C' B4y and the simplex containment follow from linearity of averaging and hold
for arbitrary—even random—embeddings. Proposition [3| characterizes the space in
which document embeddings live: a low-dimensional simplex spanned by the topic
centroids, with each document’s position encoding its topic mixture. Corollary (1] be-
low characterizes the metric on that space—the pairwise distances between document
embeddings when the word embeddings satisfy the factorization of Theorem E|

Corollary 1 (Document-embedding metric). Suppose Assumptz’on holds, 11 = BO,
and the topic model is identified. If the word embeddings H = [hy,..., hy]" satisfy
HH" = R — 1y1], (such as the explicit construction in Lemma , the pairwise
distance between expected document embeddings is given by

g = parlly = (Meg — Mag) T (R = 1y 1) (Tag — Taar). (19)
Equivalently,
||,ud — ,ud’“g = (@od - @.d’)T GB Z@ GB (@od - @od’)v (20)

where Gg = BTDq_lB. Moreover, this distance is strictly positive whenever Oqq #
@od’ .

8Note that linearity of jq = C ©44 already implies a Lipschitz bound between expected document
embeddings and topic mixtures: for any two documents,

lta = parllz < [[Cllop [Bed — Oedr|l2, (18)

with Lipschitz constant equal to the operator norm of the centroid matrix. Corollary [I| sharpens
this bound once the word embeddings satisfy HH ' = R — 1y1]..
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Proof. Using pq = H "Il,q, we have

lpta — pall3 = (H Tog — H Tog) " (H 'Tlag — H 'Tag)
= (Hod - I—IOd’)—r HHT (Hod - Hod’)
= (Hog — Hog)" (R — 1y1),) (g — Mag).

Using @D to substitute R — 1,1, = D;lB Yo BTD;1 and using [l,g = B O, yields

g = parlls = (Mog = Tag) " (R = 1y 1y) (Tag — M)
= (Oeg — Ousr)' B'D;'BXg B' D' B (041 — Oua).

For the final claim, write z := O4; — O4y # 0, and note 1;{x = 0 because
both mixtures lie on the simplex. Since rankY¥g = K — 1 and Yglg = 0, we have
ker ¥g = span(1g), so (20)) vanishes if and only if Ggz = A1 for some A € R. In
that case r = A\Gp'1k, and 12 = 0 gives A\1,G5'1x = 0. Under Assumption
G is positive definite, hence so is Ggl and 1IT<G§11K > 0; therefore A = 0 and
Gpr =0, so x = 0, a contradiction. O

Equation expresses the document-embedding distance through the centered
probability ratio R — 1y1{, and the word-distribution profiles I1,q with no reference
to the topic-model primitives.ﬂ The equivalent form rewrites the same distance
in latent topic coordinates as weighted topic-mixture differences. Those weights de-
pend on the topic-mixture covariance Y¢ and the overlap among the topic loadings,
Gp. Taken together, Proposition [3| and Corollary (1| show that the document em-
bedding is a linear—and, under Assumption [l invertible—encoding of the latent
topic mixture O4¢. In other words, 4 is a sufficient statistic for 44, so a cluster of
nearby embeddings is a set of documents with similar mixtures, and the map from
an embedding-space centroid to a mixture is well defined. It requires no assumption
about how documents are distributed over the simplex.

[ next apply the results in this section to two uses of embeddings: one groups units
by latent type, where I show that k-means in embedding spacem recovers structure
on the topic mixtures, Section [2.5| The other conditions on them, where I show
that adjusting for the embedding is equivalent to adjusting for the topic mixture,

Section 2.6l

9Note that, because R — 1y 1‘3 has rank K — 1 (Proposition , the distance depends only on
the projection of IIeq — ITe4 onto the (K — 1)-dimensional topic subspace; word-frequency variation
orthogonal to it leaves the embedding distance unchanged.

10T hroughout, I call the Euclidean space in which the word embeddings h.,,, document embed-
dings jtq, and centroids ¢ live the embedding space — RX~1 under the exact factorization of
Proposition E
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2.5 Grouping: Clustering Documents

I next ask when k-means clustering recovers meaningful structure. I begin with the
simplest case—cluster centers at the topic centroids—and then generalize.

Lemma 2 (Voronoi-cell membership for concentrated documents). Suppose As-
sumption |1 holds, the topic model is identified, and the word embeddings satisfy
HH" = R — 1y1{, (such as the explicit construction in Lemma . Let V), de-
note the Voronoi cell of ¢ under the FEuclidean metric in embedding spaceﬂ and
k*(d) = argmaxy Og. Define

B 1 miny4 ||Ck - Ck’H?

= = e (0,1/2]. 21

2 maXp-£! ||Ck - Ck’||2 ( / ] ( )
Then, for any document d with dominant-topic weight Oq @y > 1 —1, ftg € Vir(a) N
conv{cy,...,Ci}.

Proof. The centroids are distinct: ¢ = Cey, is the embedding of a pure-topic docu-
ment, and e, # ey for k # k', so Corollary [I] gives |lcx — c/||2 > 0. Hence n € (0, 1/2]
is well defined.

Next, fix document d and let k* = k*(d). Write Oy = (1 — 0)eg+ + dz with
0=1—1044 €[0,1] and z € Ag_y. With pg = C O, (Proposition ,

pa — Cpr = COqq — cpr = C(1 — §)egs + Cdz — e = (1 — ) g + Cz —
=0(Cz — ).

Since z — ||C'z — ¢j+||2 is convex on the simplex Ag_;, its maximum is attained at a

vertex; hence ||Cz — ¢p+||2 < maxy ||cp — cpe|l2 < C™, where C™* := maxy 4 ||cx —
cxr||2. Therefore, since 6 = 1 — Oy -,
||ud — Ck+||2 S OO = (1 — Qdyk*) cmex, (22)

For any k' # k*, the triangle inequality gives

la —crlle = |lews —crrllz = ||pta — crell2 > A" = 0C™,

where A* := ming ||cx — cw|]2 > 0.

Given a simplex with vertices c1,...,cx, the Voronoi cell of ¢ is Vi = {2 : ||z — ¢z <
|z — cpr|l2 for all &' # Kk}, the points at least as close to ¢, as to any other vertex. The cells
{V1,...,Vi} partition the simplex into convex polytopes meeting at the perpendicular bisectors

of the vertex pairs; assigning each point to its nearest vertex is the nearest-centroid rule used by
k-means with fixed centers.
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(a) Unequal centroid triangle: n ~ 0.27. (b) Equilateral centroid triangle: n = 1/2
(maximal).

Figure 1: Illustration of Lemma 2| for K = 3. In each panel, the topic centroids ¢y, ca, c3
(black) span the convex hull conv{ci, ca,c3} (solid triangle). The perpendicular bisectors
of the centroid pairs (dashed) partition the triangle into three Voronoi cells Vi, Vo, Vs, with
Vi containing the points closer to ¢; than to any other centroid. Green shading marks
the regions where the lemma guarantees correct assignment, 0g«q > 1 — 7. Orange
dots illustrate document embeddings pg = C O44 for ten documents with varying topic
mixtures.

It follows that, whenever 6C™* < A*—dC™*, or equivalently, § < A*/(20™*) =
mink¢k/ ||Ck*0k’||2
2maxy 1/ |lex—cpr |2

=7, we have:

Hﬂd — Cp*

p < O™ < A* — 5C™* < g — clls for all K # k.

Since 0 < 7, and 04+ > 1 — 1 are equivalent, 05~ > 1 — 1 thus implies jig € V.
Finally, since, by Proposition , pa € conv{cy,...,cx} for all d, this completes the
proof. ]

In words, Lemma [2] states that documents whose mass is concentrated on a single
topic vertex of A 1 end up in the Voronoi cell of the corresponding centroid. The
constant 77 in Lemma [2|is defined as half the ratio of minimum to maximum pairwise
centroid distance. 7 = 1/2 is achieved when the centroids are equidistant, i.e., when
they form an equilateral K-simplex; For the other extreme, n — 0 when some pair
of centroids becomes much closer than the others. I illustrate in Figure

Lemma [2 is the vertex case: documents close to a vertex will be assigned to the
corresponding Voronoi cell. But the logic behind this is not special to the vertices:
Below, I establish the more general result that, for any set of “archetypes” uj, ..., uj,
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C2

Figure 2: Illustration of the nearest-archetype membership for K = 3 and two archetypes
(L = 2). The convex hull conv{cy, ca,c3} (solid black) is partitioned by the perpendicular
bisectors of archetype pairs (dashed) into Voronoi cells V; of the archetype embeddings 1
(black dots in the interior or on the hull boundary). Green shading marks the guaranteed
regions {pq ¢ ||pa — pyll2 < A™/2} — disks of radius A™ /2 around each archetype, clipped
to the hull. Orange dots illustrate document embeddings g = C O4q. Documents inside a
green disk are guaranteed by the triangle-inequality argument to lie in the corresponding
Voronoi cell.

documents whose embeddings are sufficiently close to an archetype p; will be assigned
to the Voronoi cell of p;. Thus, the recovered clusters then reflect mizture-type
similarity rather than dominant-topic similarity, and the number of clusters L need
not equal the number of topics K. Figure [2 illustrates the archetype geometry.
Formally, extending the argument from a single document to the full corpus, I obtain
the following proposition.

Proposition 4 (k-means identification under archetype concentration). Suppose As-
sumption 1| holds. Let 7j,...,m] € Ag_1 be L > 2 distinct archetype mixtures—
points in Ax_1 around which documents concentrate—with minimum separation

AI* — : * */
min ||C(my —mp)l2 > 0,

and let £(d) := argming ||C'(Oeq — 7} )||2 denote the nearest-archetype assignment in
topic-mizture space. If every document satisfies

IC(Oea = mia)ll2 < A™/4,

then the partition P* .= {d : {(d) = (}L_, is a fived point of k-means: assigning each
document to the nearest cell mean of P* returns P*, and recomputing the means
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returns the same means. FEquivalently, P* is simultaneously the Voronoi partition of
the archetype embeddings {u;} and of its own cell means.

Proof. Let Gy :={d : ¢(d) = l}, pj := Cm; and pg = C Ouq. Within-cluster pairwise
distances then satisfy, for d,d’ € G,,

lia = palls < lpta = pglle + par — gl < 25 + A% = &%
while for d € Gy, d' € Gy with € £ 1,
it — parlls > N = pipllo = llpta — gl — i — plolla > A =287 — &7

so within-cluster pairwise distances are strictly smaller than cross-cluster ones.
For the fixed-point claim, let my := fig, denote the cell means. Each m, is a
convex combination of points within A™ /4 of i}, so |[me — p;||2 < A™ /4. For d € Gy,

I*

g = melle < llpa— i5ll2 + 1 — mell2 < &7,

while for ¢/ # ¢,

g —mells > |lpi — pplle = la — pills = g — mells > A" =45 = &7

Every document is therefore strictly closer to its own cell mean than to any other, so
the assignment step reproduces P*; the update step then returns the same means. [

At the simplex vertices, Proposition 4| specializes to the dominant-topic case,
translating the embedding-distance condition back into a sufficient threshold on 6.
It is worth noting that Proposition {4 is a stability statement, not a recovery state-
ment.E Global optimality requires even stronger conditions. However, even the
weaker separation condition in Proposition [ is not satisfied in our application. I
therefore claim no recovery of a latent partition in our application. Instead, I rely
on Corollary [T which connects embedding distance to the difference of topic mix-
tures. A cluster is thus a set of documents with similar mixtures. This is what the
interpretation of the clusters in Section {4 rests on, and it requires no concentration
assumption.

12Note that the archetypes in Proposition |4 need not be fixed in advance. A natural choice is
the k-means centers at convergence: by construction they lie in conv{eci,...,cx} and equal Cr}
for some 7; € Ak _;. Proposition 4] then applies to these centers: if they are separated and every
document lies within A /4 of its assigned center, the converged partition is a k-means fixed point.
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2.6 Conditioning: Embeddings as Controls

The second use of document embeddings I consider is as a control. A researcher who
wants to control for a high-dimensional text X ;—a firm disclosure, a court filing, a
job posting—cannot condition on the raw text and instead conditions on its embed-
ding, implicitly assuming that adjustment for the embedding suffices. Proposition
and in particular the identity py = C' O,.q, immediately makes the content of that
assumption precise.

Formally, let Z,; € {0, 1} be a treatment, Y;(0), Y4(1) the potential outcomes for
unit d, and Yy = Yy(Z,) the observed outcome.

Assumption 3 (Topic unconfoundedness). {Yy(0),Yz(1)} L Z; | Oeq, and 0 <
P(Zd:1|@.d)<1.

Assumption [3| states that the document’s topic mixture captures all confounding
between treatment and potential outcomes: given O,q, the realized words carry
no further information about (Z4, Y4(0),Yy(1)). This is the explicit content of the
informal claim that the text is a sufficient control.

Corollary 2 (Embedding adjustment). Suppose Assumption holds, the topic model
is identified, and C' is injective on Ak _1.Then, controlling for document embedding
is valid if and only if controlling for the topic mizture is. In particular, under As-
sumption [3, the average treatment effect is identified by

T = E[E[Y;l | Zd: 1,/,Ld]—E[Yd ‘ ZdIO,ILLd]}.

Proof. Since I = BO and the topic model is identified, py = C G4, (Proposition .
Since C' is injective on Ax_1, pg and ©,, are one-to-one functions of each other:
conditioning on one is the same as conditioning on the other. Adjustment on the
embedding is therefore valid exactly when adjustment on the topic mixture is. In
particular, under Assumption [3| {Y4(0),Yy(1)} L Zy | pra and 0 < P(Zg =1 | pa) <
1, so 7 is identified by adjustment on p, (Rosenbaum and Rubin, [1983)). O]

Corollary [2| is an identification statement at the population level; it is exact
only under three conditions. First, it uses the expected embedding py. With finite
document length, both sy and ©,; will be measured with error (e.g., hy = g +
O,,(N;“Q); see the discussion in Section . Also see Battaglia et al| (2024) for a
more general discussion of measurement error in AI/ML-generated variables. Second,
it requires embedding dimension r > K — 1: with r < K — 1 the map g = C, O4q
cannot be injective and conditions on only a projection of O,.q, leaving residual
confounding regardless of Ny. However, for the high-dimensional embeddings used
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in practice I believe this bound is slack. Third, C' must be injective on Ag_;. For
an embedding satisfying HH '™ = R — 1y1{, this holds by construction (Corollary .
For Word2Vec, GloVe, or pretrained embeddings, it is a maintained assumption; see
the discussion in Section 2.3]

The point is not that embedding-based adjustment is valid, but that its validity
reduces to a transparent condition on the topic mixture. This connects to a growing
literature on causal inference with text (Roberts et al., [2020; Egami et al., |2022);
relative to that work, I derive the sufficiency condition from the generative model
rather than assert it.

Although Corollary [2]is stated for the topic model, its two structural requirements
are general. Suppose the confounding is driven by a latent summary of the text
of dimension s (here s = K — 1, the topic mixture). Embedding-based control
then requires, first, an embedding of dimension r > s—otherwise it encodes only
a projection of that summary and leaves residual confounding; and second, that
the embedding actually recover the summary, so that its low-dimensional geometry
coincides with the one the confounding lives in. Dimension alone thus does not
suffice—an embedding can be low-dimensional in a geometry that has little to do
with the text’s, and adjusting for it then controls for the wrong object.

3 Numerical Illustration

I next simulate data from the model described in Section and compare two em-
bedding constructions: (i) the closed-form SVD-f embedding of Proposition |1} and
(ii) skip-gram with negative sampling (SGNS) (Mikolov et al., 2013b)) as implemented
in gensim (Rehiifek and Sojka, 2010) (cf. Table|l). T heorem predicts that SVD-/3
inherits the topic-loading geometry, and Proposition [2| carries the prediction over to
the SGNS target[]

Both embeddings use dimension » = K. By Proposition (1, » = K — 1 is the
minimum sufficient embedding dimension for SVD-/. The extra dimension should
have population eigenvalue zero and be genuine slack, and I confirm this in the
figures below. The SGNS target is the approximately rank-(K — 1) log R shifted
by the constant —logr. We quantify that approximation in the last paragraph of
this section. Because the shift is constant, it raises the rank of the target without
spreading words apart, so it does not appear in the centered projections plotted
below.

13 Appendix repeats the exercise with continuous bag-of-words (CBOW). The results are
qualitatively similar to SGNS.
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To illustrate our theoretical results, consider two simulation designs on a common
V' = 16 vocabulary of fruits and vegetables: a two-topic case (Design 1) and a three-
topic extension (Design 2). Documents are generated with topic mixtures drawn
from a symmetric Dirichlet (o« = 1) prior on the simplex, with D = 363 documents
and Ny = 487 words per document, matching the dimensions of the application in
Section 4] and the full document as context[]

Design 1: Two Topics (K = 2). The topic-word matrix is

0.08 0.00 Apple
0.08 0.01 Banana
0.08 0.00 Pear
0.12 0.00 Mango
0.06 0.04 Peach
0.07 0.00 Cherry
0.10 0.02 Orange

B = 81(2) 88(1) with rows corresponding to: kf;i((;irln (23)
0.13 0.00 Grapefruit
0.01 0.10 Cucumber
0.02 0.18 Tomato
0.00 0.30 Kale
0.01 0.05 Pepper
0.01 0.12 Carrot
0.01 0.17 Onion

Apple, Pear, Mango, Cherry, Lemon, and Grapefruit are anchor words for topic 1
(fruits) with varying prevalence, and Kale is an anchor word for topic 2 (vegetables).
The remaining words load on both topics with varying intensity.

Figure |3 shows the resulting word embeddings. Both methods recover the same
qualitative structure: words separate cleanly along their dominant topic, with fruits
(red) and vegetables (green) forming distinct clusters. The SGNS and SVD-3 geome-
tries are nearly identical up to rotation and scaling. Both clouds are one-dimensional,
which is what the theory implies: SVD-£ has population rank K —1 = 1, and SGNS’s
second direction is the common offset, which the centered projection removes. Propo-
sition [2| predicts only that the two induce equivalent metrics on the words; here the
distortion it permits is evidently small. Within each cluster, the relative positions

14 Appendix |C| repeats this exercise with two further specifications: i) a larger corpus, D = 1,000
and Ny = 10,000 (Appendix|C.1)); and ii) a more concentrated topic-mixture distribution (o = 0.01)
that puts more mass near the simplex vertices (Appendix |C.2]).
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Figure 3: Word embeddings for Design 1 (K = 2): SGNS vs. the closed-form SVD-j
construction of Proposition (I} both computed on the same corpus (D = 363, Ny = 487).
Colors mark the dominant topic from the true B matrix.

of words reflect their loadings: anchor words (e.g., Mango, Grapefruit, Kale) lie at
the extremes, while mixed words (e.g., Peach, Orange) sit closer to the boundary
between clusters, with their positions reflecting their relative loadings. This pattern
holds exactly for SVD-3, and approximately for SGNS. On the other hand, the SVD-
[ embedding appears somewhat noisier (further from rank 1), perhaps reflecting the
difficulty in directly matrix-factorizing the noisy sample co-occurrence structure.
Design 2: Three Topics (K = 3). I next split the "fruit” category into
a 7citrus” topic (orange) and a "non-citrus” topic (red), while keeping the same
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vegetable topic (green). The topic-word matrix is

0.10 0.05 0.00 Apple
0.15 0.02 0.01 Banana
0.13 0.04 0.00 Pear
0.19 0.05 0.00 Mango
0.10 0.03 0.04 Peach
0.10 0.04 0.00 Cherry

0.05 0.15 0.02
0.05 0.18 0.00 . :
B = 0.03 0.16 001 with rows corresponding to: (24)

0.04 0.22 0.00

0.02 0.00 0.10 Cucumber
0.02 0.02 0.18 Tomato
0.00 0.00 0.30 Kale

0.00 0.02 0.05 Pepper
0.01 0.01 0.12 Carrot
0.01 0.01 0.17 Onion

Kale is an anchor word for topic 3 (vegetables), but topics 1 (non-citrus fruits) and
2 (citrus) have no anchor words, though they differ in their relative loadings on the
same set of words.

Figure [ shows the resulting word embeddings. With r = K = 3, the embeddings
live in R?, and I project to two dimensions by simply retaining the first two coordi-
nates. For SVD-3, (41 and (42 span the two largest-variance directions and the third
column corresponds to a zero eigenvalue in population. For SGNS, the coordinate
basis is chosen by the gradient-based optimizer and is arbitrary. Dropping the third
coordinate projects out one mixture of the three coordinates.

Both methods produce embeddings in which the three topics are clearly separated,
with words organized into three distinguishable groups corresponding to non-citrus
fruits (red), citrus fruits (orange), and vegetables (green). The anchor word for
vegetables (Kale) sits on the edge of the convex hull, consistent with the theory:
anchor words receive embeddings proportional to a single topic centroid, while non-
anchor words are pulled toward mixtures of centroids in proportion to their topic
loadings. Notably, the absence of anchor words for topics 1 and 2 does not prevent
the embeddings from separating these two groups—the differing relative loadings
of shared words across the two topics are sufficient to recover the distinction. The
SGNS and SVD-f embeddings again yield qualitatively similar geometries, providing
empirical support for the theoretical connections established in Section [2.3]
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Figure 4: Word embeddings for Design 2 (K = 3), projected into two dimensions. Both
embeddings recover topic structure even though topic 3 lacks an anchor word.

Document Embeddings. Next, I compute document embeddings as the average
of word embeddings within each document (cf. Equation (14])). By Proposition
documents with similar topic mixtures ©.4 should have similar embeddings, and
document embeddings should lie in the (K — 1)-dimensional simplex spanned by the
topic centroids. Figure [5 shows the document embeddings for Design 2 (K = 3),
colored by dominant topic (projected into 2-d following the same step as in Figure
E With Dirichlet concentration parameter o = 1, the topic mixtures are well
spread across the simplex, and the document embeddings fill out the simplex spanned
by the three topic centroids. The two embedding methods yield similar document-
embedding geometries. Appendix shows additional document-embedding figures
for a version that replaces the Dirichlet prior on ©,; with an archetype mixture
in the interior of the topic simplex, with documents concentrated around the two
archetypes.

I note that all of the figures above are based on a single corpus. However, I found
the results to be representative across multiple realizations.

15 Alternatively, Appendixpresents a UMAP-projected version of Figure UMAP’s nonlinear
transformation distorts the geomerty and “warps” the simplex, but the results are qualitatively
similar. T use UMAP projections in our empirical application in Section [d] where the dimensionality
is much larger.
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Figure 5: Document embeddings for Design 2 (K = 3), projected in two dimensions.
Color indicates the dominant topic.

The rank of the SGNS target. Remark [3|reduces the gap between the SGNS
target and the trained embedding to a property of the spectrum of T' = log R —
log v 1y1{,. The shift is a known constant and cancels in the row differences, so the
question is how much of log R the remaining K — 1 directions capture. I measure
that by

Tro — >_i<i—1|Ai(log R)| (25)

) > [Ailog R)|

the share of spectral mass in the leading K — 1 eigenvalues. Under the two designs
above the spectrum is available exactly — R = BGB' from the design B and the
closed-form Dirichlet moments — and gives mx_1 = 0.88 for Design 1 and 0.91 for
Design 2. In these designs we can therefore think of Proposition [2[ approximately
describing the trained embedding and not only its target, in line with the empirical
results above. Table[2freports mx_; on a grid of vocabulary sizes and topic counts un-
der a generic data-generating process: each column of B and each topic mixture ©44
is an independent draw from a symmetric Dirichlet(a = 1), uniform on its simplex.
Across the grid, a rank-K approximation remains close to the SGNS targetm

161t is worth noting that the quality of the approximation degrades for smaller values of a (cf.

Appendix @
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v K=2 K=3 K=5 K=10 K=25 K=50

100 0.909 0.926  0.946 0.968 0.987 0.995
250 0.905 0.924 0.943 0.966 0.985 0.993
500 0.905  0.923  0.943 0.964 0.984 0.992
1,000 0905 0.924  0.943 0.964 0.983 0.991
2,500 0.905 0.923 0.943 0.963 0.983 0.991

Table 2: Share of the spectral mass of log R carried by its leading K — 1 eigenvalues,
T-1 =Y ;cp_1|Nl/ > |Ail, at @ = 1. Each column of B and each topic mixture ©4q is
drawn from a symmetric Dirichlet(a); R is then formed in population from B and G, so
no corpus is sampled. Means over 8 draws; the largest standard deviation in any cell is
0.004. The negative-sampling shift contributes one further eigenvalue, of size V log v, and
is excluded.

4 Application: Clustering Metropolitan Economies

I now apply the embedding-then-cluster pipeline to 363 U.S. Core-Based Statistical
Areas (CBSAs). The empirical setup is straightforward: generate a textual economic
description of each CBSA, embed the descriptions, and apply k-means.

The theory in Section [2| provides a principled reading of what this pipeline does.
Corollary (1] gives the pairwise document-embedding distance in closed form:

pta = pall3 = (Mog —Mag) T (R — 1y 1) (Hag — agr).

Running k-means on these embeddings groups CBSAs whose descriptions imply sim-
ilar mixtures. The clusters therefore reflect narrative similarity, and each centroid
corresponds to a well-defined mixture.

Our main empirical analysis considers five embedding models: (i) the closed-
form SVD-f embedding of Proposition ; (ii) corpus-trained skip-gram with nega-
tive sampling (SGNS; Proposition ; (iii) corpus-trained continuous bag-of-words
(CBOW)} (iv) pretrained Word2Vec averaging, using the Google News vectors;
and (v) a transformer-based variant using OpenAl’s text-embedding-3-large [l
Detailed method descriptions are collected in Appendix [B.2]

"Both corpus-trained arms and SVD-3 use the full document as context. Note that the model
from Section suggests this choice: since the words of document d are drawn from the same
mixture Il,4, positions within a document are exchangeable, so R does not depend on the window
at all in population and every within-document pair is another draw on the same object. Widening
the window therefore reduces estimation variance without moving the target, and taking all pairs
is the efficient choice. I show in Appendix that results are robust to shorter context windows,
although SVD-$ tends to deteriorate for very short windows J.

18 Alternatively, one could ask an LLM to form the clusters and assign labels directly, skipping
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Remark 5 (Theoretical coverage of the five methods). The five differ in how much of
Section [2 applies to them. Method (i) is the theory’s own construction: it computes
the rank-(K — 1) factorization of Proposition [1| directly, and averaging within a doc-
ument returns exactly the pg of Proposition . Method (ii) is the corpus-trained arm
the theory covers: the SGNS target is log R up to a constant, so by Proposition [2] it
recovers the topic-loading geometry up to a distortion bounded by kg, the exponen-
tiated spread of log R (Section [2.3). Method (iii), CBOW, is not covered: it has no
closed-form V' x V' target once the context holds more than one word (Section ,
and the context here is the full document. Method (iv) runs the same architecture
on a different corpus, so the geometry it carries is that of the corpus it was trained
on—the object of interest only if that corpus and ours share their topic structure.
Method (v) falls outside the framework altogether: it is a contextual transformer
rather than an average of word vectors. I include it as a benchmark for a modern
state-of-the-art approach to embeddings.

For each Core-Based Statistical Area (CBSA), a 500-word economic description is
generated by Claude Opus 4.8. I provide the exact prompt in Appendix I then
apply k-means with L = 5 clusters to group the 363 CBSAs. Table |3| summarizes
the five approaches.

Method L Cluster sizes Max share Within-cluster share
Corpus CBOW 5 57/62/68/85/91 25% 0.90
Corpus SGNS 5 60/71/109/34/89 30% 0.78
SVD-5 (r = 50) 5 97/154/75/21/16 42% 0.77
Pretrained (Google News) 5  89/33/109/64/68 30% 0.83
LLM Embeddings 5 25/114/59/101/64 31% 0.90

Table 3: Comparison of clustering approaches (363 CBSAs). Cluster sizes are member
counts by k-means label index. “Within-cluster share” is the fraction of embedding variance
within clusters.

All five identify recognizable archetypes: energy dependence, university and gov-
ernment anchoring, deindustrialization, and diversified growth. I give per-cluster
interpretations for all methods in Appendix [B.10] The number of clusters is chosen
to balance interpretability and flexibility. I consider alternative values for L in the
Appendix (e.g., Online Appendix Figures and [OA.3). The qualitative finding

the embedding step. This did not work at this scale: prompted with all 363 descriptions, the model
returned partitions covering only part of the sample and including locations absent from the input
list.
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that these groupings separate economic narratives (and employment dynamics, cf

Section holds across different choices of L.

4.1 Local Employment Dynamics

I return to our motivating example in the introduction: modelling local employment
dynamics. In order to do so, I estimate autoregressive models for log employment
across 363 CBSAs and examine whether the text-based clusters we derived above
capture meaningful heterogeneity in employment dynamics. Specifically, for each of
the five embedding-based clustering methods (SVD-f, corpus-trained SGNS, corpus-
trained CBOW, pretrained Word2Vec averaging, and LLM embeddings), I estimate:

(9i) (94)

Yit = Qi + Py Yir—1 T ,029 Yit—2 + Eit, (26)

where y;; is log total employment in year ¢ at the CBSA level, and ¢; € {1,...,L}
denotes the cluster membership of CBSA ZE [ take p = 2 as the primary specification
based on our discussion in Appendix . I thus allow the AR(2) slope coefficients
in to vary across groups, but remain common within each group—using our
text-based cluster assignments. The hope is that similarity in economic conditions
between CBSAs translates into similar local employment dynamics. Under the topic
model of Section [2] T can make this condition more precise: that similarity in topic
shares between CBSAs translates into similar local employment dynamics. As a
concrete example, this might entail that descriptions with a relatively large share of
words about manufacturing decline (treating this as a “topic”), are associated with
similar employment dynamics.

Figure [6] depicts the group-specific implied impulse response functions (IRF) over
a 10-year horizon under each clustering method. The top four panels use embedding-
based groupings. The bottom row gives the two groupings that do not use the text.
The bottom left uses residual k-means, which is formed by applying k-means clus-
tering to the residuals from a pooled AR(2) specification—analogous to the first
step of Bonhomme et al.| (2022)). The bottom right is observables k-means, applied
to 1970 covariates (standardized industry mix, government and military employ-
ment shares, education, foreign-born and minority shares and population density;

19T construct a panel of geographically-harmonized metropolitan areas for which I can measure
employment at an annual frequency starting in 1969. I use 2019 as the last year of analysis to avoid
complications from the COVID-19 pandemic and recession. I focus on wage and salary employment,
which is constructed by the Bureau of Economic Analysis (BEA) using administrative data and is
less sensitive than self employment to changes over time in the tax code. The covariates used for
the observables benchmark in Section are 1970 cross-sections from the same source.
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Figure 6: Group-specific AR(2) impulse responses under each clustering (L = 5), with
the pooled FE estimate (dashed) for reference. The top four panels are embedding-based
groupings; corpus CBOW is omitted here for space and appears in Table 4l The bottom
row gives the two groupings that do not use the text—residual k-means and observables
k-means, on the 1970 covariates.

see Appendix for more detail). I use L = 5 throughout to match the number
of clusters used by the text-based methods and report alternative specifications in

Appendix [B.5]

To quantify how well each clustering method captures heterogeneity in employ-

29



ment dynamics, I compare the between-group variance of the 363 unit-specific IRFs
across clustering methods in Table 4] I do this in two ways: first, [ compute the ratio
of between-group variance to total variance, which is a standard measure of how well
a grouping explains variation in a variable of interest (column 1). Since the total
variance includes estimation error in the unit-specific responses, which is substantial
in our application, I also include a version that normalizes the between-group vari-
ance relative to a permutation floor, which is the mean between-group variance over
2,000 random relabelings that hold the realized group sizes fixed (column 2). This
is the level of between-group variance a random partition of the same sizes would
deliver and provides a reference point for evaluating whether a given partition cap-
tures real heterogeneity in employment dynamics. The last two columns count how
frequently the grouping exceeds the two non-text based benchmarks when I vary the
number of clusters L € {2,3,4,5,6,8,10}.

Grouping % Between Ratio to floor Exceeds benchmark, of 7 L values
Residual k-means Observables k-means

Corpus SGNS 28.3% 25.7x 7 6

LLM Embeddings 27.1% 24.7x 7 6

SVD-3 (r = 50) 24.3% 21.8x 7 6

Corpus CBOW 22.5% 20.4x 7 5
Pretrained (Google News)  18.8% 16.8% 6 5
Observables k-means 16.7% 15.5x% 7 —
Residual k-means 13.9% 12.6x

Table 4: Grouping-level summary at L = 5, AR(2). “% Between” is the share of total
cross-city IRF variance explained by between-group differences in group-mean IRFs. “Ratio
to floor” is the between-group variance of the 363 unit-specific impulse responses divided
by that grouping’s own size-matched permutation floor. The last two columns count how
frequently the grouping exceeds each benchmark out of 7 cluster counts we consider. The
upper block is the four embedding-based groupings, the lower the two that do not use the
text.

At L = 5, every grouping separates employment dynamics far more sharply than
chance, and the five text-based groupings tend to separate it more sharply than
the two benchmarks] Varying L does not change the main finding: The textual

20T date the covariates to 1970, so that they are effectively predetermined for a panel beginning in
1969. Repeating the exercise at later vintages raises its ratio monotonically, from 15.5x at 1970 to
18.6x at 2000. Nevertheless four of the five text methods exceed the benchmark at every vintage. 1
acknowledge that the same objection (not being predetermined) applies to the textual descriptions,
which span 1979-2019 and are thus concurrent with the outcome window. This is because it is
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descriptions seem to carry real information about employment dynamics, more so
than the two benchmarks I consider. Among the text-based methods, pretrained
Word2Vec averaging tends to perform worst, while SVD-f3, corpus-trained SGNS,
and the LLM embeddings tend to perform best, trading top spots at different values
of L (cf. Appendix B.5). It is perhaps worth noting that a simple closed-form
factorization computed from the corpus in seconds matches a commercial transformer
embedding on this task.

In-sample vs Out-of-sample. Our exercise in this section is entirely in-sample.I
read the evidence as establishing that narrative text encodes economically meaningful
structure about local labor markets—more of it than either benchmark recovers,
including the curated covariate set—but not as establishing that text-based peer
groups are the preferred way to model this panel for forecasting purposes.

5 Conclusion

Embeddings are ubiquitous in NLP and increasingly used in economics. This paper
asks what replacing a text with its embedding preserves, under a generative model
in which documents are mixtures of K latent topics.

At the word level, an embedding built from how often words appear together
reflects the topic geometry: words that play the same role across topics end up close
together. Extra dimensions do no harm, so a researcher need not know how many
topics a corpus contains. At the document level, proximity in embedding space is
proximity in topic mixture. This means that a cluster of document embeddings
corresponds to a set of documents with similar mixtures, and that adjusting for the
embedding is equivalent to adjusting for the topic mixture.

Another lesson is that dimension alone is not the relevant property. Two align-
ments matter: the embedding must recover the text’s low-dimensional structure,
and that structure must be the one the analysis requires. My theory delivers the
first. At the same time, connecting embeddings to the parameters of an underlying
topic model makes the second an assumption about the economics rather than the
algorithm. Take the control use: the informal premise that “the embedding is a suf-
ficient control” reduces to the transparent condition that the topic mixture captures

challenging to obtain a good textual description of the economy in the 1960s for some of the smaller
CBSAs in the sample. Perhaps the modest increase in performance from using later vintages of
observables, well short of the margin by which text exceeds the two benchmarks, is reassuring in
that regard.
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the confounding—an assumption with economic content that a practitioner can de-
fend. Directly assuming that d-dimensional embedding vectors in Euclidean space
are a sufficient control is much harder to justify on economic grounds.

In my application, I find that clustering LLM-generated descriptions of 363 U.S.
metropolitan areas yields interpretable economic types, and those types separate
local employment dynamics more sharply than a curated set of industry and demo-
graphic covariates. The comparisons line up with the theory: SVD-/ and corpus-
trained SGNS, which target closely related population objects, perform similarly,
while pretrained averaging, which carries the geometry of a different corpus, trails at
almost every number of clusters. Remarkably, our closed-form embedding matches
a commercial transformer embedding on this task, at a fraction of the cost and with
a guarantee attached.

Several extensions merit investigation. Transformer embeddings currently fall
outside our theoretical framework. Characterizing what transformer architectures
learn about topic structure—building on [Li et al. (2023))—would bring the embed-
dings practitioners actually use inside the theory. A second extension is dynamic
topic models (Blei and Lafferty], [2006)): characterizing how embeddings track changes
in word meaning over time.

Finally, the pipeline studied here—generate text with a language model, embed
it, then use the embedding downstream—retains the representational power of a
large model while leaving every downstream step inspectable and reproducible. That
division of labour seems a reasonable way to incorporate such models into empirical
work.
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